Introduction
We use Dym, McKean [3] and Kac, Krein [5] as our basic references. The notation is mainly adopted from [3] . . References to Krein's original papers can be found in [3] or [5] .
Let lmk be a string in the sense of [3] p. 147, and X = {Xt ; t > 0} the corresponding quasi diffusion. In the singular case I + m(I-) = The process X is a Hunt process. Its state space is E := closure(Im), where Im is the set of the points of increase of the function m. It is assumed that 0
Recall that in this case 0 is always a regular, reflecting point for X.
The infinitesimal generator, G, of X acting on M := L2(~0, I~, dm) is the generalised second order differential operator d2/dm dx. Its domain is a subset of (see [3] The notation Imk is used for a string, which is defined as lmk but instead of
D_(G)
we use D_ ( G) := Do( G) n f(o) = o}. °F or lmk it is always assumed that m(0) = 0. The corresponding quasi diffusion, X, is obtained via a random time change as above using a Brownian motion killed when it hits zero. Therefore, the string Imk is called a killed string.
For the operator G associated with lmk and lmk we introduce as in [3] [7] and [8] . In fact, in [8] Knight [9] , Kotani, Watanabe [10] p. 248 , and [11] . In [10] and [11] the discussion is based on the concept of dual string (see [3] p. 622), and not on the properties of killed strings. Also in [9] Conversely, for a given odd non-decreasing function 0394 with the properties (2.3) there exists a unique string lmk having A as the principal spectral function.
Proof is given in [5] or [3] Conversely, for a given odd non-decreasing function 0 with the properties (2.4) there exists a killed string lmk having ~ as the principal spectral function.
Proof
The existence and the uniqueness of 0 with the properties (2.4) is stated in [5] p. 81-82, and can be proved by modifying the proof for the string lmk in [3] p. 176. .1) [12] 
where Px is the probability measure associated with X when started from x.
Let To := inf ~t : Xt = 0}, and denote the Px-density of To with nx(~; 0). The notation Px is used for the probability measure associated with X when started from x.
Theorem
The function nx(t; 0) has the spectral representation f(x) = x + 03B32 x0 dy y+0 f (z)dm(z) (see [5] p. 29-30). Therefore, we can take the limit inside the integral sign in (3.4) .
This completes the proof. Remark. The representation (3.3) can also be found -perhaps in a slightly implicit form -in Kent [8] . oo, and n is the Levy measure of a.
The measure n in (3.5) is absolutely continuous w.r.t. the Lebesgue measure, and the density n(t) has the spectral representation (3.6) n(t) = 1 03C0 + -e x p ( -0 3 B 3 2 t ) d ( 0 3 B 3 ) .
Proof
It is obvious that v{( Edt} = n(dt). By (ii) In Knight [9] a more direct approach is used to solve the characterization problem. This does not seem to give the identification of the representing measure.
See also Kotani, Watanabe [10] , where the concept of dual string is used.
In the case I + m(d-) oo (see [4] i.e. ni is the first hitting time density for the process X conditioned never to hit 0.
The formula (3.10) is a straight forward generalization of the corresponding formula for a Brownian motion (see [13] ). Taking the Laplace transforms in u on the both sides of (3.10) we obtain [14] ).
